Generalized XOR games with $d$ outcomes and the task of non-local
  computation by Ramanathan, Ravishankar et al.
ar
X
iv
:1
50
2.
02
97
4v
2 
 [q
ua
nt-
ph
]  
9 M
ar 
20
16
Generalized XOR games with d outcomes and the task of non-local computation
Ravishankar Ramanathan,1, 2, ∗ Remigiusz Augusiak,3, 4 and Gláucia Murta5
1National Quantum Information Center of Gdan´sk, 81-824 Sopot, Poland
2Institute of Theoretical Physics and Astrophysics, University of Gdan´sk, 80-952 Gdan´sk, Poland
3Center for Theoretical Physics, Polish Academy of Sciences, Aleja Lotników 32/46, 02-668 Warsaw, Poland
4ICFO–Institut de Ciencies Fotoniques, Mediterranean Technology Park, 08860 Castelldefels (Barcelona), Spain
5Departamento de Fisica, Universidade Federal de Minas Gerais,
Caixa Postal 702, 30123-970, Belo Horizonte, MG, Brazil
Two-party XOR games (correlation Bell inequalities with two outcomes per party) are the most
studied Bell inequalities, and one of the few classes for which the optimal quantum value is known
to be exactly calculable. We study a natural generalization of the binary XOR games to the class of
linear games with d > 2 outcomes, and propose an easily computable bound on the quantum value
of these games. Many interesting properties such as the impossibility of a quantum strategy to win
these games, and the quantum bound on the CHSH game generalized to d outcomes are derived. We
also use the proposed bound to prove a large-alphabet generalization of the principle of no quantum
advantage in non-local computation, showing that quantum theory provides no advantage in the
task of non-local distributed computation of a class of functions with d outcomes for prime d, while
general no-signaling boxes do. This task is one of the information-theoretic principles attempting to
characterize the set of quantum correlations from amongst general no-signaling ones.
I. INTRODUCTION.
Quantum non-local correlations are one of the most
intriguing aspects of Nature, evidenced in the viola-
tion of Bell inequalities. Besides their foundational in-
terest, these correlations have also proven to be useful
in information processing tasks such as secure device-
independent randomness amplification and expansion
[1], cryptographic secure key generation [2] and reduc-
tion of communication complexity [3].
Concerning such applications, it is typically of most
interest to compute the classical and quantum value of
the Bell expression, the classical value being the maxi-
mum over local realistic assignments of outcomes while
the quantum value is the maximum attained using mea-
surements on entangled quantum states. However, nei-
ther of these values is easy to calculate. Computing the
classical value is done by means of an integer program
and is in general a hard problem [4, 5]. On the other
hand, it is not even known whether the quantum value
is computable for all Bell inequalities, since there is a pri-
ori no restriction on the dimension of the Hilbert space
for the quantum states and measurements; although in
some instances it is possible to compute the value effi-
ciently or to find a good approximation. A hierarchy
of semi-definite programs from [33] is typically used to
get (upper) bounds on the quantum value, although the
quality of approximation achieved by these bounds re-
mains unknown. The size of these programs also in-
creases exponentially with the number of inputs and
outputs in the Bell expression, so that a central prob-
lem of utmost importance in non-locality theory is to
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find easily computable good bounds to handle general
classes of Bell inequalities.
An important class of Bell inequalities for which the
quantum value can be computed exactly is the class
known as two-party binary XOR games or equivalently
as bipartite two-outcome correlation inequalities. In a
binary XOR game, the two parties Alice and Bob re-
ceive inputs x ∈ [mA], y ∈ [mB] (we denote [mA] :=
{1, . . . ,mA}) and respond with outputs a, b ∈ {0, 1}.
The winning constraint for each pair of inputs (x, y)
only depends on the XOR modulo 2 of the parties’ an-
swers, i.e., the Bell expression in the binary XOR game
only involves probabilities P(a ⊕2 b = k|x, y) for k ∈
{0, 1}. The fact that these are equivalent to Bell inequal-
ities for correlation functions with binary outcomes is
seen by noting that in this case the correlators Ex,y are
given by Ex,y = ∑k=0,1(−1)kP(a ⊕2 b = k|x, y). For
these games, it was shown in [7, 8] based upon a theo-
rem by Tsirelson [9] that the quantum value can be com-
puted efficiently by means of a semi-definite program,
although computing the classical value is known to be a
hard problem even for this class of games [5]. Besides
binary XOR games, few general results are known re-
garding the maximum quantum violation of classes of
Bell inequalities.
The study of correlation Bell inequalities for binary
outcomes was in part driven by the fact that many of
the quantum information-processing protocols were de-
veloped for qubits, for which binary outcome games ap-
pear naturally. Recently, there has been much interest
in developing applications of higher-dimensional entan-
glement [10–13] for which Bell inequalities with more
than two outcomes may be naturally suited. Therefore,
both for fundamental reasons as well as for these ap-
plications, the study of Bell inequalities with more out-
comes is crucial.
A natural extension of the binary outcome XOR games
is to the class of generalized XOR-d games, where the
outputs of the two parties are not restricted to be binary,
although the winning constraint still depends upon the
generalized xor (addition modulo d), with d being the
number of outcomes. The generalization can also be ex-
tended to the class known as LINEAR games [5], where
the parties output answers that are elements of a fi-
nite Abelian group and the winning constraint depends
upon the group operation acting on the outputs. Linear
games are the paradigmatic example of non-local games
with more than two outcomes, and a study of their clas-
sical and quantum values is crucial, especially in light
of applications such as [14]. In the context of Bell in-
equalities, these were first studied in [15] where a large
alphabet generalization of the CHSH inequality called
CHSH-d was considered, which has since been inves-
tigated in [16–20], An important property of the XOR-d
games concerns their relationship with communication
complexity, following [21, 22] it is seen that correlations
(boxes) winning a non-trivial total function XOR-d game
for prime d can result in a trivialization of communica-
tion complexity. A related information-theoretic princi-
ple called no quantum advantage in non-local computation
(no-NLC) has also been suggested in [23]; this proposes
that quantum correlations are those that do not provide
any advantage over classical correlations in the task of
distributed non-local computation of arbitrary binary
functions, while general no-signaling correlations do. It
is also of interest to investigate whether the above prin-
ciple can be extended to functions of more outcomes.
In this paper, we present a novel efficiently com-
putable bound to the quantum value of linear games
and use it to derive several interesting properties, with
particular emphasis on the important case of XOR-d
games for prime d. We illustrate the bound with the ex-
ample of the CHSH-d game for prime and prime power
d, recovering recent results derived using alternative
(more technical) methods. As another illustration, we
use the bound to show that for uniformly chosen inputs,
no non-trivial total function XOR-d game can be won
with a quantum strategy and consequently that these
no-signaling boxes that trivialize communication com-
plexity cannot be realized within quantum theory. We
further prove a large alphabet generalization of the no-
NLC principle, showing that quantum theory provides
no advantage in the task of non-local computation of a
restricted class of functions with d outcomes for prime
d. For the sake of clarity of exposition, we only include
sketches of proofs in the main text with details deferred
to the Appendices.
II. A BOUND ON THE QUANTUM VALUE OF LINEAR
GAMES.
Linear games are a generalization of XOR games to
an arbitrary output alphabet size and are defined as fol-
lows:
Definition 1. A two-player linear game gl = (q, f ) is one
where two players Alice and Bob receive questions u, v from
sets QA and QB respectively, chosen from a probability dis-
tribution q(u, v) by a referee. They reply with respective an-
swers a, b ∈ (G,+)where G is a finite Abelian group with as-
sociated operation +. The game is defined by a winning con-
straint a+ b = f (u, v) for some function f : QA×QB → G.
The most interesting linear games are arguably the
XOR-d games, denoted g⊕ which are the linear games
corresponding to the cyclic group Zd, the integers with
operation addition modulo d (⊕d). The value of the lin-
ear game is given by the expression
ωs(g
l) = max
{PA,B|U,V}∈S
∑
u∈QA
v∈QB
∑
a,b∈G
q(u, v)V(a, b|u, v)P(a, b|u, v),
(1)
where V(a, b|u, v) = 1 if a+ b = f (u, v) and 0 otherwise
and the maximum is taken over all boxes {PA,B|U,V}
in the set S which may correspond to the set of classi-
cal C , quantum Q or more general no-signaling boxes
NS . The maximum classical value of the game (the
maximum over all deterministic assignments of a, b for
each respective input u, v or their convex combinations)
is denoted ωc(gl), the maximum value of the game
achieved by a quantum strategy (POVM measurements
on a shared entangled state of arbitraryHilbert space di-
mension) is denoted ωq(gl), while the maximum value
achieved by a no-signaling strategy (where neither party
can signal their choice of input using the correlations)
is denoted ωns(gl). These games have been studied
[5, 25] in the context of hardness of approximation of
several important optimization problems, in attempts
to identify the existence of polynomial time algorithms
to approximate the optimum solution of the problem
to within a constant factor. Linear games belong to
the class of unique games [26]; in a unique game gu
for every answer a of Bob, there is a unique answer
b = piu,v(a) that wins the game, where piu,v is some per-
mutation that depends on the input pair (u, v). For ev-
ery game in this class, a no-signaling box exists that wins
the game, so that ωns(gl) = ωns(gu) = 1. Such a box for
the general unique game with d outcomes is defined by
the entries P(a, b|u, v) = 1/d if b = piu,v(a) and 0 other-
wise for all input pairs (u, v), this strategy clearly wins
the game, and is no-signaling since the output distribu-
tion seen by each party is fully random for every input,
i.e., P(a|u) = P(b|v) = 1/d.
As in the case of Boolean functions [29, 30], the clas-
sical value ωc(gl) for any linear game is strictly greater
than the pure random guess value 1/|G|, this is shown
in Lemma 1.
Lemma 1. For any linear game gl corresponding to a func-
tion f (u, v) with u ∈ QA, v ∈ QB and for an arbitrary prob-
ability distribution q(u, v), we have
ωc(g
l) ≥ 1|G|
(
1+
|G| − 1
m
)
, (2)
where m = min{|QA|, |QB|}.
Proof. Let d = |G|, Alice and Bob receive inputs u, v
of logd |QA| and logd |QB| dits respectively. Suppose
w.l.o.g that |QA| ≤ |QB| (m = |QA|), and let the two par-
ties share a uniformly distributed random variable w of
logd |QA| dits. The following classical strategy achieves
the lower bound in Eq.(2). Bob outputs b = f (w, v),
while Alice checks if u = w and if so outputs a = e; if
not she outputs a uniformly distributed a ∈ G. In the
case when u = w which happens with probability 1m ,
a+ b = e+ f (w, v) = f (u, v) and the strategy succeeds.
When u 6= w, we have that a+ f (w, v) is uniformly ran-
dom since a is uniform, and the strategy succeeds with
probability 1d . The value achieved by this strategy is
therefore 1m +
(
1− 1m
)
1
d . ⊓⊔
Computing the quantum value of the linear game
is an onerous task, for which efficiently computable
bounds are hard to find. We now present a bound on
the quantum value of a linear game in Theorem 2 by us-
ing the norms of a set of game matrices defined using the
characters of the associated group. The detailed deriva-
tion of the bound is shown in the proof of this theorem
presented in the Appendix A, and the utility and pos-
sible tightness of the bound (in scenarios such as the
CHSH-d game that is applicable to tasks such as rela-
tivistic bit commitment [14]) is considered in this sec-
tion.
Theorem 2. The quantum value of a linear game gl with
input sets QA,QB can be bounded as
ωq(g
l) ≤ 1|G|

1+√|QA||QB| ∑
x∈G\{e}
‖Φx‖

 , (3)
where Φx = ∑(u,v)∈QA×QB q(u, v)χx( f (u, v))|u〉〈v| are the
game matrices, χx are the characters of the group G and ‖ · ‖
denotes the spectral norm. In particular, for an XOR-d game
with mA and mB inputs for the two parties, the quantum
value can be bounded as
ωq(g
⊕) ≤ 1
d
[
1+
√
mAmB
d−1
∑
k=1
‖Φk‖
]
, (4)
with Φk = ∑u∈[mA]
v∈[mB]
q(u, v)ζk f (u,v)|u〉〈v| and ζ =
exp (2piI/d).
Proof. We sketch the proof of the bound using the
Fourier transform for the XOR-d games here, the gen-
eralization to linear games uses the analogous Fourier
transform on finite Abelian groups [32] and is deferred
to the Appendix A. For a quantum strategy given by
projective measurements {Πau}, {Σbv} on a pure state
|Ψ〉 ∈ CD×D, we introduce the generalized correlators
〈Axu ⊗ Byv〉 for unitary operators defined as
Axu = ∑
a∈G
ζ−axΠau and B
y
v = ∑
b∈G
ζ−byΣbv. (5)
The probabilities P(a, b|u, v) that enter the game expres-
sion are calculated from the inverse transform to be
P(a⊕d b = f (u, v)|u, v) = 1d
d−1
∑
k=0
ζk f (u,v)〈Aku ⊗ Bkv〉. (6)
Now, with vectors |αk〉, |βk〉 and the XOR-d game ma-
trices Φk defined as
|αk〉 = ∑
u∈QA
(
(Aku)
† ⊗ 1
)
|Ψ〉 ⊗ |u〉 ,
|βk〉 = ∑
v∈QB
(
1 ⊗ Bkv
)
|Ψ〉 ⊗ |v〉,
Φk = ∑
(u,v)∈QA×QB
q(u, v)ζk f (u,v)|u〉〈v|, (7)
the game expression ∑(u,v)∈QA×QB q(u, v)P(a ⊕d b =
f (u, v)|u, v) can be rewritten using Eq.(6) as
(1/d) ∑d−1k=0〈αk|1 ⊗ Φk|βk〉 and the norm bound in
Eq.(4) follows. ⊓⊔
It should be noted that as shown in [26], the quantum
value of a linear game can be efficiently approximated,
to be precise for any linear game gl with ωq(gl) = 1− δ,
there exists an efficient algorithm to approximate this
value using a semi-definite program and a rounding
procedure that gives an entangled strategy achieving
ω
app
q (g
l) = 1 − 4δ′, where δ/4 ≤ δ′ ≤ δ. While
this is highly significant and useful for proving results
such as a parallel repetition theorem for the quantum
value of such games [26], it would appear to be good
for approximating the quantum value when the latter
is close to unity, which is not the case for simple exam-
ples like the CHSH-d game. For uniform probability in-
puts q(u, v) = 1/|QA||QB| or when the input distribu-
tion possesses certain symmetries, as we shall see, the
simple linear algebraic bound above supplements this
result and proves to be very useful to derive other inter-
esting properties of these games.
We first illustrate the applicability and possible tight-
ness of the bound by considering the flagship scenario
of the CHSH-d game which generalizes the well-known
CHSH game to a higher dimensional output. In this
game, Alice and Bob are asked questions u, v chosen
uniformly at random from a finite field Fd of size d so
that q(u, v) = 1/d2, where d is a prime, or a prime
power. They return answers a, b ∈ Fd with an aim to
satisfy a⊕ b = u · v where the arithmetic operations are
from the finite field. In [18], an intensive study of this
game was performed, with two significant results ob-
tained on the asymptotic classical and quantum values
of the game. We now apply Theorem 2 to re-derive in a
simple manner the upper bound for the quantum value
of CHSH-d. Comparison with the numerical results of
[16, 17] indicates that the bound in the following exam-
ple of the CHSH-d game may not be tight in general,
also note that the optimum value of the game for Pauli
measurements was recently derived in [19].
Example [see also [18]] The quantum value of the CHSH-d
game for prime and prime power d, i.e., d = pr where p is
prime and r ≥ 1 is an integer, can be bounded as
ωq(CHSH − d) ≤ 1
d
+
d− 1
d
√
d
. (8)
⊓⊔
Proof. Let us consider the CHSH-d gamewith associated
function f (u, v) = u · v. The entries of the game matrix
Φk for prime d are by definition Φk(u, v) = q(u, v)ζ
k(u·v)
where ζ = exp 2pi Id and u, v ∈ {0, . . . , d − 1}, and we
consider uniform probability inputs q(u, v) = 1/d2. It
is readily seen that for prime d, the game matrices Φk
for k ∈ {1, . . . , d − 1} are equal to each other up to a
permutation of rows (or columns). Moreover, a direct
calculation using ∑d−1j=0 ζ
j = 0 yields that Φ†kΦk = 1/d
3,
so that ‖Φk‖ = 1/d
√
d, ∀k ∈ [d− 1]. Substitution into
Eq.(4) with mA = mB = d yields the bound in Eq.(8) for
prime d.
Strictly analogous results are obtained for prime
power d = pr, where p is prime and r > 1 is an in-
teger. Note that here the operation u · v in the CHSH-
d game is not defined as multiplication modulo d, but
as multiplication in the finite field Fd, see [18, 36]. The
non-zero elements of Fd under this multiplication op-
eration form a cyclic group of size d − 1, and we have
ad = a, ∀a ∈ Fd. Here again, the game matrices Φk
for k ∈ [d− 1] are equal to each other up to a permuta-
tion of rows (or columns). By explicit calculation, using
the following properties of the characters: χk(a+ b) =
χk(a)χk(b) for any a, b ∈ Fd; χk(a) = 1 ⇐⇒ a = 0 and
∑a∈Fd χk(a · b) = 0 for b 6= 0 we obtain that Φ†kΦk = 1d3 1
for all k. Substituting ‖Φk‖ = 1d√d , ∀k ∈ [d − 1] into
Eq.(4) with |QA| = |QB| = d yields the bound. ⊓⊔
Given the quantum bound, a natural question is
whether there are linear games where the quantum
value ωq(gl) equals one, i.e., can there be quantum
strategies that win a linear game? The interest in the
question also stems from the domain of communication
complexity. Following the results of [21, 22], any non-
trivial total function XOR-d game for prime d and n dits
as input u = (u1, . . . , un), v = (v1, . . . , vn) is won by
a no-signaling box that can result in a trivialization of
communication complexity. To elaborate, it was shown
that any no-signaling box that wins a non-trivial total
function XOR-d game for prime dmust contain as a sub-
box, one of the functional boxes of the form P(a⊕d b =
f (u, v)|u, v) = 1/d for a, b, u, v ∈ {0, . . . , d − 1}; hav-
ing dn copies of the box and addressing this sub-box in
each, Alice and Bob can compute any function of d out-
puts with a single dit of communication, resulting in a
trivialization of communication complexity.
We now apply the bound to exclude these boxes that
result in a trivialization of communication complexity
from the set of quantum boxes. In particular, the follow-
ing Lemma 3 shows that no non-trivial game for a total
function f (u, v) (a total function is one which is defined
for all input pairs (u, v)) within the class of XOR-d games
g⊕ with uniformly chosen inputs can be won by a quan-
tum strategy, meaning that there is no pseudo-telepathy
game [24] within this class.
Lemma 3. For XOR-d games g⊕ corresponding to total func-
tions with m questions per player, when the input distribution
is uniform q(u, v) = 1/m2, ωq(g⊕) = 1 iff ωc(g⊕) = 1,
i.e., when rank(Φ1) = 1.
Proof. The constraint that the input distributions of
questions to the players are uniform, q(u, v) = 1/m2 for
all u, v, is equivalent to ‖Φk‖ ≤ 1/m since both the max-
imum (absolute value) column sum and row sum ma-
trix norms are equal to 1/m. Now ωq(g⊕) = 1 requires
from the bound in Eq.(4) that ‖Φk‖ = 1/m for all k ∈
{1, . . . , d− 1}. Consider the matrix Φ1†Φ1 which has en-
tries (Φ1
†Φ1)u,v = ∑
m
w=1 q(w, u)q(w, v)ζ
− f (w,u)+ f (w,v),
where ζ = exp (2piI/d) is the d-th root of unity. Let {λj}
be the maximum eigenvector corresponding to eigen-
value 1/m2 of Φ1
†Φ1, with complex entries λj = |λj|ζθj .
Let the entries of the eigenvector be ordered by absolute
value, |λ1| ≥ · · · ≥ |λm| and consider the eigenvalue
equation corresponding to λ1, we have
m
∑
v,w=1
|λv|ζ− f (w,1)+ f (w,v)+θv = m2|λ1|ζθ1 . (9)
Clearly the above equation can only be satisfied when
|λj| = |λj′ | ∀j, j′ and when the phases add, i.e.,
when f (w, v) − f (w, 1) + θv = f (w′, v′) − f (w′, 1) +
θv′ ∀v,w, v′,w′, in particular choosing w = w′ here,
we get f (w, v) − f (w, v′) = θv′ − θv ∀w, v, v′. With
all |λj| equal, the rest of the eigenvalue equations (for
u 6= 1) lead to similar consistent constraint equations.
We deduce that ωq(g⊕) = 1 only when the columns
of the game matrix Φ1 are proportional to each other,
the proportionality factor between columns k, l being
ζ f (u,k)− f (u,l) = ζθl−θk . In this case (with rank(Φ1) = 1),
a classical winning strategy which always exists for the
first column of the game matrix Φ1 can be straightfor-
wardly extended to a classical winning strategy for the
entire game, meaning ωc(g⊕) = 1 also.
⊓⊔
It was recently shown that all the extremal points of
the no-signaling polytope for any number of inputs and
outputs cannot be realized within quantum theory [31].
It remains an open question whether all such vertices
lead to a trivialization of communication complexity (at
least in a probabilistic setting), if so this would be a com-
pelling reason for their exclusion from correlations that
can be realized in nature. Also, note that while the ex-
clusion of the boxes trivializing communication com-
plexity from the quantum set is not surprising, we in-
clude it here as an illustration of the applicability of the
bound. Indeed in subsequent work [20], the techniques
used in this paper have also been applied to exclude
boxes that win games corresponding to partial functions
f (u, v) from the quantum set, this further illustrates the
utility of the technique since these latter boxes do not
trivialize communication complexity and therefore can’t
be excluded on that basis.
III. LINEAR GAMESWITH NO QUANTUM
ADVANTAGE: THE TASK OF NON-LOCAL
COMPUTATION.
Even though the quantum non-local correlations can-
not be used to transmit information, they enable the
performance of several tasks impossible in the classical
world, such as the expansion and amplification of intrin-
sic randomness, device-independent secure key genera-
tion, etc. An unexpected limitation of quantum corre-
lations however is the fact that they do not provide any
advantage over classical correlations in the performance
of a fundamental information-theoretic task, namely the
non-local distributed computation of Boolean functions
[23], even though certain super-quantum no-signaling
correlations do.
Consider a Boolean function f (z1, . . . , zn) from n bits
to 1 bit. A non-local (distributed) computation of the
function is defined as follows. Two parties, Alice and
Bob, are given inputs (x1, . . . , xn) and (y1, . . . , yn) obey-
ing xi ⊕2 yi = zi, each bit xi, yi being 0 or 1 with equal
probability. This ensures that neither party has access
to any input zi on their own. To perform the non-local
computation, Alice and Bob must output bits a and b
respectively such that a ⊕2 b = f (x1 ⊕2 y1, . . . , xn ⊕2
yn). Their goal is thus to maximize the probability
of success in this task for some given input distribu-
tion p(z1, . . . zn) = p(x1 ⊕2 y1, . . . , xn ⊕2 yn). In [23], it
was shown that surprisingly for any input distribution
p(z1, . . . , zn), Alice and Bob sharing quantum resources
cannot do any better than classical resources (both give
rise to only a linear approximation of the computation),
while they could successfully perform the task if the re-
sources they shared were limited by the no-signaling
principle alone. This no-advantage in non-local compu-
tation (NANLC)was so striking that it was postulated as
an information-theoretic principle that picks out quan-
tum theory from among general no-signaling theories,
in relation to the correlations that the theory gives rise
to [23].
The above consideration of functions with a single-
bit output is important since these encapsulate all deci-
sion problems, a natural class of problems used to define
computational complexity classes. In the program of
characterizing quantum correlations however, we must
consider functions with multi-bit outputs as well as
functions with higher input and output alphabets. We
now use the bound (4) to construct a generalized non-
local computation task for functions with higher input-
output alphabet. Consider the following generaliza-
tion of the non-local computation task to XOR-d games,
namely the computation of the function g(z1, . . . , zn)
with zi ∈ {0, . . . , d − 1} where d is a prime. In these
games which we label NLCd, Alice and Bob receive n
dits xn = (x1, . . . , xn) and yn = (y1, . . . , yn) which obey
xi⊕d yi = zi. Their task is to output dits a, b respectively
such that
a⊕d b = g(xn−1 ⊕d yn−1) · (xn ⊕d yn), (10)
where xn−1 ⊕d yn−1 is the dit-wise XOR of the n− 1 dits,
i.e., {x1 ⊕d y1, . . . , xn−1 ⊕d yn−1} and g is an arbitrary
function from n− 1 dits to 1 dit. The inputs are chosen
according to
1
dn+1
p(xn−1 ⊕d yn−1) (11)
for p(xn−1 ⊕d yn−1) being an arbitrary probability dis-
tribution. As mentioned previously, all unique games
including the XOR-d games have no-signaling value of
unity, so that in general (1 =)ωns(NLCd) > ωq(NLCd).
We now present in Theorem 4 the result that the games
NLCd defined above exhibit no quantum advantage, the
detailed proof of this theorem is presented in Appendix
B.
Theorem 4. The games NLCd for arbitrary prime d and for
input distribution satisfying (11) have no quantum advan-
tage, i.e., ωc(NLCd) = ωq(NLCd).
Sketch of proof. Consider the games NLCd for prime
d and arbitrary number n of input dits for each party.
Denote the total number of inputs for each party bym =
dn, and the corresponding game matrices by Φ
(n)
k . The
NLCd games are composed of “building-block games"
G(t) := {a⊕d b = t · (x⊕d y)}, with t ∈ {0, . . . , d− 1}.
Denote the Fourier vectors as | f j〉, i.e., | f j〉 =(
1, ζ j, . . . , ζ(d−1)j
)T
, where as usual ζ = exp 2pi Id . We
find that Φ
(n)
k
†
Φ
(n)
k are block-circulant matrices and
are hence diagonal in the basis formed by the tensor
products of the Fourier vectors {| fi1〉 ⊗ . . . | fin〉} with
i1, . . . , in ∈ {0, . . . , d − 1}. Explicit calculation of the
maximum eigenvector yields that ‖Φ(n)k ‖ = dΛ for
Λ := maxin∈{0,...,d−1} λ(in) with λ(in) being the num-
ber of times the game G(d− 1 · in) appears in the first
row of Φ
(n)
k . Let µ ∈ {0, . . . , d− 1} denote the value of
in for which the maximum of λ(in) is achieved.
For prime d, we obtain the following bound on the
quantum value in the uniform case
ωq(NLCd) ≤ 1d
(
1+
(d− 1)Λ
dn−1
)
. (12)
The explicit classical strategywhere Alice outputs deter-
ministically a = µxn independent of her input xn−1 and
Bob outputs b = µyn independently of his input yn−1
recovers this bound. ⊓⊔
Let us state some open questions in this line of re-
search. Note that the slight restriction in Eq. (10) (a
fixed dependence on xn ⊕d yn), means that the games
do not cover the entire class of functions considered in
[23], it remains open whether there is no quantum ad-
vantage for the remaining functions in this class as well.
It is also of interest to identify other tasks beyond NLC
where quantum correlations do not provide an advan-
tage over classical ones, and the bound should be useful
to characterize these. Also, we remark that the original
NANLC principle (and most of the other principles pro-
posed so far) is known to not pick out exactly the set
of quantum correlations since there exists a set of the
so-called almost quantum correlations [33] that also sat-
isfies the principle. The generalized NANLC principle
subsumes the original NANLCprinciple, since the latter
corresponds to the special case d = 2. While we expect
it to be, it remains to be checked whether the general-
ized NANLC principle proposed here is also satisfied
by the almost quantum set. Finally, it is also of interest
to find whether any of the inequalities corresponding
to these games define facets of the classical polytope (a
facet of a polytope is a face with dimension one less than
that of the polytope). Games with this property (having
ωc = ωq and defining facets of the classical polytope)
define non-trivial boundaries of the quantum set and it
has been posed as an open question in [27, 28] whether
such games exist for two-party Bell scenarios.
IV. CONCLUSIONS.
In this paper, we have presented an easily computable
bound on the quantum value of linear games, with par-
ticular emphasis on XOR-d games for prime d. We have
illustrated this bound by using to rule out from the
quantum set a class of no-signaling boxes that result
in a trivialization of communication complexity. To do
this, we have shown that no uniform input total func-
tion XOR-d game can be a pseudo-telepathy game. We
have also shown how the recently discovered bound on
the CHSH-d game in [18] can be derived in a simple
manner for prime and prime power d, in this context
it is interesting to note that these games have recently
found application in relativistic bit commitment [14]. Fi-
nally, we have extended the NANLC principle to gen-
eral prime dimensional output, showing that quantum
theory provides no advantage over classical theories in
the distributed non-local computation of a class of func-
tions with prime dimensional output.
In the future, it would be interesting to extend the
proposed bound on the quantum value to classes of
Bell inequalities beyond linear games, especially to the
more general unique games. Further applications of the
bound such as in the device-independent detection of
genuine multipartite entanglement [34, 35] for arbitrary
Hilbert space dimensions, in multi-party communica-
tion complexity, as well as in the identification of in-
formation processing tasks with no quantum advantage
[23], are of immediate interest.
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Appendix A: Bounding the quantum value of linear games.
In what follows, we will use the notion of the char-
acters of a finite Abelian group, defined in a standard
manner as follows.
Definition A.1. Let G be a finite Abelian group with |G| el-
ements, with operation+ and identity element e. A character
of G denoted χ is a homomorphism from G to the multiplica-
tive group of complex roots of unity:
χ(a+ b) = χ(a)χ(b) (a, b ∈ G) (A1)
The characters of G form a finite group denoted Gˆ under ele-
mentwise multiplication. The identity element of Gˆ is denoted
χe and satisfies χe(g) = 1 for all g ∈ G.
Auseful property of the characters is that for any χe 6=
χ ∈ Gˆ, we have ∑g∈G χ(g) = 0 and that for any e 6= g ∈
G, we have ∑χ∈Gˆ χ(g) = 0. Note that the dual group
Gˆ and G are in fact isomorphic to each other. For each
x ∈ G, let us denote by χx the image of x under a fixed
isomorphism of G with Gˆ.
Theorem A.1. The quantum value of a linear game gl with
input sets QA,QB can be bounded as
ωq(g
l) ≤ 1|G|

1+√|QA||QB| ∑
x∈G\{e}
‖Φx‖

 , (A2)
where Φx = ∑(u,v)∈QA×QB q(u, v)χx( f (u, v))|u〉〈v| are the
game matrices, χx are the characters of the group G and ‖ · ‖
denotes the spectral norm. In particular, for an XOR-d game
with mA and mB inputs for the two parties, the quantum
value can be bounded as
ωq(g
⊕) ≤ 1
d
[
1+
√
mAmB
d−1
∑
k=1
‖Φk‖
]
, (A3)
with Φk = ∑u∈[mA]
v∈[mB]
q(u, v)ζk f (u,v)|u〉〈v| and ζ =
exp (2piI/d).
Proof. To derive a bound on the quantum value of a lin-
ear game ωq(gl), wemake use of the generalized Fourier
transform on finite Abelian groups [32]. Let us first
note that by the fundamental theorem of finite Abelian
groups, any finite Abelian group G can be seen a direct
product of cyclic groups as G ∼= Zn1 ×Zn2 × · · · ×Znk
for some integers n1, . . . , nk, where × denotes the di-
rect product and Zn denotes the cyclic group of order
n. Every element x ∈ G can thus be seen as a k-tuple
(x1, . . . , xk) with xi ∈ Zni . Denoting by χa the charac-
ters of the Abelian group G, we see that these can be
written as χa(x) = ∏
k
j=1 ζ
ajx j
j , where ζ j = exp
2pii
nj
is
the nj-th root of unity, and aj ∈ Znj for j ∈ [k]. The
above relation gives a total of ∏kj=1 nj = |G| (orthog-
onal) characters and consequently accounts for all the
characters of G. Note that χ¯a(x) = χa(−x), where χ¯ de-
notes the conjugate character, and χa(x) = χx(a). We
now introduce the generalized correlators 〈Axu⊗ Byv〉 via
the Fourier transform of probabilities P(a, b|u, v) on the
group, defined as
〈Axu ⊗ Byv〉 = ∑
a,b∈G
χ¯x(a)χ¯y(b)P(a, b|u, v). (A4)
The probabilities are then given by the inversion for-
mula
P(a, b|u, v) = 1|G|2 ∑
x,y∈G
χa(x)χb(y)〈Axu ⊗ Byv〉. (A5)
The marginals 〈Axu〉 are given by
〈Axu〉 = 〈Axu ⊗ Bev〉 = ∑
a,b∈G
χ¯x(a)χ¯e(b)P(a, b|u, v)
= ∑
a∈G
χx(−a)P(a|u), (A6)
where e denotes the identity element of the group
with χe being the trivial character (χe(b) = 1 ∀b ∈
G) and we have used the no-signaling condition
∑b∈G P(a, b|u, v) = P(a|u); an analogous expression
holds for 〈Byv〉 = ∑b∈G χy(−b)P(b|v). The normaliza-
tion constraint is written as 〈Aeu ⊗ Bev〉 = 1 ∀(u, v) ∈
QA × QB. The probabilities P(a, b|u, v) that enter the
game expression can therefore be evaluated as
P(a+ b = f (u, v)|u, v) =
∑
a,b∈G:
a+b= f (u,v)
1
|G|2 ∑
x,y∈G
χa(x)χb(y)〈Axu ⊗ Byv〉. (A7)
Using the orthogonality of the characters
∑x∈G χa(x)χ¯b(x) = |G|δa,b, where δa,b denotes the
Kronecker delta, and the property of the characters that
χx(a+ b) = χx(a)χx(b) we get that
P(a+ b = f (u, v)|u, v) =
∑
a∈G
1
|G|2 ∑
x,y∈G
χa(x)χ f (u,v)+a−1(y)〈Axu ⊗ Byv〉 =
1
|G| ∑
x∈G
χ f (u,v)(x)〈Axu ⊗ Bxv〉. (A8)
Now, since we do not restrict the dimension of the
shared entangled states, the probabilities P(a, b|u, v) are
given by projective measurements {Πau}, {Σbv} on a pure
state |Ψ〉 ∈ CD×D as P(a, b|u, v) = 〈Ψ|Πau ⊗ Σbv|Ψ〉 the
correlators can be written as the expectation value of ob-
servables Axu, B
y
v as 〈Axu ⊗ Byv〉 = 〈Ψ|Axu ⊗ Byv |Ψ〉 with
observables defined by
Axu = ∑
a∈G
χ¯x(a)Π
a
u and B
y
v = ∑
b∈G
χ¯y(b)Σ
b
v. (A9)
The game expression ∑(u,v)∈QA×QB q(u, v)P(a + b =
f (u, v)|u, v) can therefore be rewritten using Eq.(A8)
and the above observables as (1/|G|) ∑x∈G〈αx|1 ⊗
Φx|βx〉 with vectors |αx〉, |βy〉 and the linear game ma-
trices Φx defined as
|αx〉 = ∑
u∈QA
(
(Axu)
† ⊗ 1
)
|Ψ〉 ⊗ |u〉 ,
|βy〉 = ∑
v∈QB
(
1 ⊗ Byv
)
|Ψ〉 ⊗ |v〉,
Φx = ∑
(u,v)∈QA×QB
q(u, v)χx( f (u, v))|u〉〈v|.(A10)
The normalization of the input probability distribution
∑u,v q(u, v) = 1 translates to 〈αe|1 ⊗ Φe|βe〉 = 1. The
quantum value ωq(gl) of the linear game can therefore
be bounded as
ωq(g
l) =
1
|G| ∑
x∈G
〈αx|1 ⊗Φx|βx〉
≤ 1|G|

1+√|QA||QB| ∑
x∈G\{e}
‖Φx‖

 ,(A11)
where ‖Φx‖ denotes the norm of the game matrices Φx.
For games where the winning constraint only depends
upon the XOR of the outcomes, i.e. V(a, b|u, v) = 1 iff
a ⊕d b = f (u, v) for u ∈ [mA], v ∈ [mB] and f (u, v) ∈
{0, . . . , d− 1}, the above reduces to
ωq(g
⊕) = 1
d
d−1
∑
k=0
〈αk|1 ⊗Φk|βk〉
≤ 1
d
[
1+
√
mAmB
d−1
∑
k=1
‖Φk‖
]
. (A12)
⊓⊔
Appendix B: Linear games with no quantum advantage:
Non-local computation
We now consider the generalization of the non-local
computation task to XOR-d games, namely the computa-
tion of the function g(z1, . . . , zn)with zi ∈ {0, . . . , d− 1}
where d is a prime. In these NLCd games, Alice and Bob
receive n dits xn = (x1, . . . , xn) and yn = (y1, . . . , yn)
which obey xi ⊕d yi = zi. Their task is to output dits a, b
respectively such that
a⊕d b = g(xn−1 ⊕d yn−1) · (xn ⊕d yn), (B1)
where xn−1 ⊕d yn−1 is the dit-wise XOR of the n− 1 dits,
i.e., {x1 ⊕d y1, . . . , xn−1 ⊕d yn−1} and g is an arbitrary
function from n− 1 dits to 1 dit. The inputs are chosen
according to
1
dn+1
p(xn−1 ⊕d yn−1) (B2)
for p(xn−1 ⊕d yn−1) being an arbitrary probability dis-
tribution.
Theorem B.1. The games NLCd for arbitrary prime d and
for input distribution satisfying (B2) have no quantum ad-
vantage, i.e., ωc(NLCd) = ωq(NLCd).
Proof. We first consider the case of uniformly chosen in-
puts. The games NLCd consider functions of the fol-
lowing form (all arithmetic operations being performed
modulo d)
a⊕d b = g(x1⊕d y1, . . . , xn−1 ⊕d yn−1) · (xn ⊕d yn),
(B3)
with g being an arbitrary function. Such a game is there-
fore composed of “building-block games" G(t) which
are of the form
G(t) := {a⊕d b = t · (x⊕d y)} , (B4)
with t ∈ {0, . . . , d− 1}, i.e., f (x, y) = t · (x⊕d y). There
are d different games G(t), each with single dit input
for each party (which we will take to be xn and yn), and
these games all have classical value ωc(G(t)) = 1 ∀t.
Explicitly,the classical strategy a = t · x and b = t · y
wins the game G(t). We can write the corresponding
(non-normalized) game matrices Φ
(1)
k (t) for games G(t)
and they take the form
Φ
(1)
k (t) := ∑
x,y∈{0,...,d−1}
ζkt(x⊕dy)|x〉〈y|, (B5)
with ζ = exp (2piI/d). Here the (1) in the superscript
denotes that these matrices correspond to the NLCd
game matrices for n = 1. Let us analyze some prop-
erties of the Φ
(1)
k (t). Firstly, we see that Φ
(1)
k (t)
†
Φ
(1)
k (t)
for any k, t is diagonal in the Fourier basis defined by the
Fourier vectors | f j〉 with
| f j〉 =
(
1, ζ j, ζ2j, . . . , ζ(d−1)j
)T
(B6)
with j ∈ {0, . . . , d − 1}. Moreover, we also see that
each Φ
(1)
k (t)
†
Φ
(1)
k (t) has only one eigenvalue (=d
2) dif-
ferent from zero and this corresponds to the eigenvector
| fd−k·t〉. This gives the orthogonality Φ(1)k (t)
†
Φ
(1)
k′ (t
′) =
0 for k · t 6= k′ · t′. Since, we will be concerned with find-
ing the maximum singular vectors corresponding to a
fixed k, we can encapsulate the above properties by the
equation[
Φ
(1)
k (t)
†
Φ
(1)
k (t
′)
]
| f j〉 = d2δt,t′δj,d−k.t| f j〉 (B7)
We shall use these properties of the Φ
(1)
k (t) as we pro-
ceed to analyze the game matrices Φ
(n)
k for the general n
dit input NLCd games themselves.
Consider the games NLCd for prime d and arbitrary
number n of input dits for each party. Denote the to-
tal number of inputs for each party by m = dn, and the
corresponding game matrices by Φ
(n)
k . Due to the struc-
ture of the function in Eq. (B3), namely the fact that the
games only depend on the dit-wise XOR of the n dits,
we see that Φ
(n)
k
†
Φ
(n)
k acquires a block circulant struc-
ture (for 1 ≤ i ≤ n the corresponding matrices Φ(i)k
†
Φ
(i)
k
for each k are block-wise circulant matrices). For ex-
ample, a possible (unnormalized) game matrix Φex for
n = 2, d = 3 of the form
Φ(1)(0) Φ(1)(1) Φ(1)(2)
Φ(1)(1) Φ(1)(2) Φ(1)(0)
Φ(1)(2) Φ(1)(0) Φ(1)(1)
(B8)
with the Φ(1)(t) defined as in Eq.(B5) would have
Φ†exΦex equal to
∑i Φ
(1)(i)†Φ(1)(i) ∑i Φ
(1)(i)†Φ(1)(i+ 1) ∑i Φ
(1)(i)†Φ(1)(i+ 2)
∑i Φ
(1)(i)†Φ(1)(i+ 2) ∑i Φ
(1)(i)†Φ(1)(i) ∑i Φ
(1)(i)†Φ(1)(i+ 1)
∑i Φ
(1)(i)†Φ(1)(i+ 1) ∑i Φ
(1)(i)†Φ(1)(i+ 2) ∑i Φ
(1)(i)†Φ(1)(i)
(B9)
which is a block-wise circulant matrix. In general, the
entries of Φ
(n)
k
†
Φ
(n)
k are explicitly given by[
Φ
(n)
k
†
Φ
(n)
k
]
~xn−1,~yn−1
=
d−1
∑
u1,...,un−1=0
Φ
(1) †
k,g(xn−1⊕dun−1)Φ
(1)
k,g(un−1⊕dyn−1)(B10)
where as before xn−1 = (x1, . . . , xn−1) and yn−1 =
(y1, . . . , yn−1) are strings of n− 1 dits, andwe have omit-
ted the normalization factor (of 1/d4n) for clarity. Due
to this block circulant structure, we have that Φ
(n)
k
†
Φ
(n)
k
for any n, k is diagonal in the basis formed by the tensor
products of the Fourier vectors {| fi1〉 ⊗ . . . | fin〉} with
i1, . . . , in ∈ {0, . . . , d− 1}.
We now proceed to calculate the maximum eigenvec-
tor of Φ
(n)
k
†
Φ
(n)
k among the basis formed by {| fi1〉 ⊗
. . . | fin〉}. To do this, let us consider the case of fixed
in vary i1, . . . in−1. Using the properties of the game ma-
trices Φ
(1)
k (t) encapsulated by Eq. (B7), we see that for
any fixed in, the eigenvalue corresponding to | f0〉⊗n−1⊗
| fin〉 cannot be smaller than that corresponding to any
other | fi1〉 ⊗ . . . | fin〉. This is due to the fact that the other
eigenvectors contribute only phases ζ j to the eigenvalue
expression corresponding to | f0〉⊗n−1 ⊗ | fin〉 and the
properties stated above. It therefore follows that the
maximum eigenvector is among the | f0〉⊗n−1⊗ | fin〉.
Let us compute the eigenvalues corresponding to
| f0〉⊗n−1 ⊗ | fin〉 for in ∈ {0, . . . , d − 1}. To do this, fix
an input string xn−1 (to say (0, . . . , 0)) and vary over
yn−1, in other words we consider the first row block of
Φ
(n)
k corresponding to the game blocks Φ
(1)
k,g(0n−1⊕dyn−1)
of size d× d. Denote by λxn−1(in, k) the number of times
the game G(d− k · in) appears for this choice of xn−1 in
matrix Φ
(n)
k . Due to the symmetry of the game con-
straint, λxn−1(in, k) is independent of the choice of row
xn−1 so we may drop the superscipt. Moreover, since
Φ
(n)
k is a symmetric matrix, we also have λ
xn−1(in, k) =
λyn−1(in, k) for an analogously defined λyn−1(in, k). Let
us define Λ(k) := maxin λ(in, k) and let µ ∈ {0, . . . , d−
1} denote the value of in for which the maximum of
λ(in, k) is achieved. Again using Eq. (B7), we have that[
Φ
(n)
k
†
Φ
(n)
k
]
| f0〉⊗n−1⊗ | fin〉 = d2λ2(in, k)| f0〉⊗n−1⊗ | fin〉.
(B11)
We therefore obtain that ‖Φ(n)k ‖ = dΛ(k).
For prime d, we see that Λ(k) = Λ, constant and in-
dependent of k. This follows from the fact that the num-
ber of generators of the additive group Zd for prime d
is simply equal to d − 1 (all numbers less than prime d
are relatively prime to it). Therefore, for prime d, we ob-
tain the following bound on the quantum value in the
uniform case
ωq(NLCd) ≤ 1d
(
1+
(d− 1)Λ
dn−1
)
. (B12)
We now consider the classical deterministic strategy
where Alice outputs a = µxn independently of her in-
put xn−1 and Bob outputs b = µyn independently of his
input yn−1. Note that for the d× d blocks described by
G(µ) all the d2 constraints will be satisfied. On the other
hand, for the blocks described by G(t) for t 6= µ), only
d constraints are satisfied with the use of this strategy.
The score achieved by this strategy is therefore given by
ωc(NLCd) =
dn−1
d2n
[
Λd2 + (dn−1−Λ)d
]
, (B13)
which equals the upper bound on the quantum value in
Eq. (B12); this completes the proof for uniformly chosen
inputs.
Having solved the problem for uniformly distributed
inputs, we can generalize to the case of probability dis-
tributions
1
dn+1
p(xn−1 ⊕d yn−1) (B14)
For this input distribution, the matrix Φ
(n)
k is still com-
posed of the elementary games Φ
(1)
k (t) that can be
classically saturated. The difference is that a weight
p(xn−1⊕d yn−1)/dn+1 is now attributed to each element
of the d× d block
[Φ
(n)
k ]xn−1,yn−1 =
1
dn+1
p(xn−1 ⊕d yn−1)Φ(1)k,g(xn−1⊕dyn−1).
(B15)
This preserves the block-wise circulant structure of
Φ
(n)
k
†
Φ
(n)
k ensuring that these matrices are still diagonal
in the basis formed by the tensor products of Fourier
vectors. As in the case of uniformly distributed in-
puts, the properties of Φ
(1)
k (t) in Eq. (B7) imply that
the maximum eigenvector corresponds to one choice of
in ∈ {0, . . . , d− 1} within the | f0〉⊗n−1⊗ | fin〉.
To compute the eigenvalues corresponding to
|v0〉⊗n−1 ⊗ |vin〉, we have to take into account the
number of times a game G(d− k · in) appear in a given
row block as well as the respective weights. Denote
by λ˜(in, k) the weighted sum of the times the game
G(d− k · in) appears in a row block, i.e.,
λ˜(in, k) = ∑
yn−1 s.t.
g(~0n−1⊕dyn−1)=in
1
d2
p(0n−1 ⊕d yn−1) (B16)
As before, let us define Λ˜(k) := maxin λ˜(in, k) and let µ
denote the in for which the maximum is reached. For
the weighted matrix we have
[
Φ˜
(n)†
k Φ˜
(n)
k
]
| f0〉⊗n−1⊗ | fin〉 = d2λ˜(in, k)2| f0〉⊗n−1⊗ | fin〉.
(B17)
We therefore obtain that ‖Φ˜(n)k ‖ = dΛ˜(k).
Again, for prime d, the maximum of this sum is inde-
pendent of k. Therefore, for prime d, we obtain the fol-
lowing bound on the quantum value for a general NLCd
game
ωq(NLCd) ≤ 1d
[
1+ dn+1(d− 1)Λ˜
]
. (B18)
Consider the classical deterministic strategywhere Alice
outputs a = µxn independently of xn−1 and Bob outputs
b = µyn independently of yn−1. For the d × d blocks
described by G(µ) all the d2 constraints will be satisfied.
On the other hand, for the blocks described by G(t 6=
µ), only d constraints are satisfied with the use of this
strategy. The score achieved by this strategy is therefore
given by
ωc(NLCd) = d
n−1
[
Λ˜d2 +
(
1
dn+1
− Λ˜
)
d
]
, (B19)
which equals the upper bound on the quantum value in
Eq.(B18); this completes the proof that quantum strate-
gies cannot outperform classical ones in the NLCd game.
⊓⊔
